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Abstract— Preparation of pure states on networks of quan-
tum systems by controlled dissipative dynamics offers important
advantages with respect to circuit-based schemes. Unlike in
continuous-time scenarios, when discrete-time dynamics are
considered, dead-beat stabilization becomes possible in prin-
ciple. Here, we focus on pure states that can be stabilized
by distributed, unsupervised dynamics in finite time on a
network of quantum systems subject to realistic quasi-locality
constraints. In particular, we define a class of quasi-locality
notions, that we name “tree-like hypergraphs,” and show that
the states that are robustly stabilizable in finite time are then
unique ground states of a frustration-free, commuting quasi-
local Hamiltonian. A structural characterization of such states
is also provided, building on a simple yet relevant example.
I. INTRODUCTION
Recent efforts aimed to develop viable quantum technolo-
gies have increasingly recognized that access to controlled
dissipative dynamics may offer distinctive advantages and
unique capabilities across a variety of quantum tasks, ranging
from universal open-system engineering and dissipation-
driven computation [1], [2] to sequential generation [3] and
stabilization of entangled states of interest [4]. Experimental
proof-of-principle demonstrations of dissipative entangled-
state preparation have been reported for platforms as diverse
as atomic ensembles [5], trapped ions [6], [7], superconduct-
ing qubits [8], [9] and NV centres in diamond [10].
In view of the above progress, it becomes important to
devise stabilization schemes for multipartite entangled states,
that can accommodate realistic resource constraints and,
ideally, allow for scalable and robust implementation – for
instance, using distributed, possibly randomized dynamics. A
system-theoretic approach to characterize stabilizable states
under locality-constrained dynamical semigroups has been
proposed in [11], [12], [13], [14], and has been recently
extended to discrete-time Markov dynamics in [15], [16].
Beside lending itself naturally to describe digital open-
system simulators [17], [18], the discrete-time setting and
the alternating-projection methods of [15] open the door to
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achieve finite-time stabilization, namely, to reach an invariant
target state with zero error in finite time. This cannot be done
with continuous-time Markov dynamics, even allowing for
time-inhomogenous evolution [16]. Sufficient conditions for
the existence of sequences of locality-constrained quantum
maps ensuring finite-time stabilization of a target pure state
are provided in [16]. When, in addition, robustness with
respect to the order of the maps in the sequence is demanded,
they always imply the existence of a Hamiltonian that is the
sum of commuting quasi-local components, and for which
the target is the unique ground state.
In general, whether the latter is actually necessary for
robust finite-time stabilization remains an open question.
Here, by specializing to a relevant class of quasi-locality
notions, we are able to provide a full characterization of
finite-time robustly stabilizable states, and a positive answer
to the above question. The locality notion we study is
associated to hypergraphs that have a tree-like structure, as
we will formally define in Section III-A, and includes as
particular cases linear graphs and trees.
II. PRELIMINARIES AND EXISTING RESULTS
A. Quasi-locality constraints via hypergraphs
We shall focus on a finite-dimensional, multipartite quan-
tum system consisting of n (distinguishable) subsystems,
defined on a tensor-product Hilbert space,
H “
nâ
a“1
Ha, a “ 1, . . . , n, dimpHaq ” da ă `8.
The state of the system is described by a density operator
ρ P DpHq, where DpHq Ă BpHq denotes the set of trace-
one, positive semidefinite operators in the set of all linear
operators BpHq on H.
In order to account for physical locality constraints on
operators, measurements, and dynamics on H, we impose
a neighborhood structure on H. Following [11], neighbor-
hoods Nj are subsets of indexes labeling the subsystems,
that is, Nj Ĺ t1, . . . , nu, j “ 1, . . . , N. Mathematically,
neighborhoods are hyperedges specifyng an hypergraph [19],
which we refer to as a neighborhood structure, N ” tNju.
A neighborhood operator M is an operator on H such that
there exists a neighborhood Nj for which we can write
M ”MNj b IN j , where MNj accounts for the action of M
on subsystems in Nj , and IN j ”
Â
aRNj Ia is the identity
on the remaining ones. Once a state ρ and a neighborhood
structure are assigned on H, a list of neighborhood reduced
states can be computed by letting
ρNj ” TrN j pρq, ρ P DpHq, j “ 1, . . . , N, (1)
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where TrN j indicates the partial trace over the tensor com-
plement of Nj , namely, HN j ”
Â
aRNj Ha.
B. Quasi-local Markov dynamics and stabilization
We consider general non-homogeneous, discrete-time
Markov dynamics on H. In the quantum domain, the role
of stochastic matrices is taken by completely-positive (CP),
trace-preserving (TP) quantum maps. A CP map is a linear
map on BpHq, that can be given an operator sum represen-
tation (OSR) [20]:
EpXq “
ÿ
k
MkXM
:
k ,
where : denotes the adjoint operator, or the transpose con-
jugate when a matrix representation is used. A CP map is
also TP if and only if
ř
kM
:
kMk “ I.
Assume that a neighborhood structure is given, and that
each subsystem is contained in some neighborhood. A CP
map E is a neighborhood map (with respect to a neighbor-
hood Nj) if there exists Nj such that
E “ ENj b IN j , (2)
where ENj is the restriction of E to operators on the
subsystems in Nj and IN j the identity map for operators onHN j , respectively. An equivalent formulation can be given in
terms of an OSR: Epρq “ řkMkρM :k is a Nj-neighborhood
map (or simply QL with respect to Nj) if there exists a
neighborhood Nj such that, for all k,
Mk “MNj ,k b IN j .
The reduced map on the neighborhood then reads
ENj p¨q “
ÿ
k
MNj ,k ¨ M :Nj ,k.
As the identity factor is preserved by sums (and products)
of the Mk, it is immediate to verify that the QL property is
well-defined with respect to the freedom in the OSR.
For the discrete-time QL dynamics we are interested in,
the relevant stabilizability properties are summarized in the
following [15], [16]:
Definition 1: A target state ρ P DpHq is quasi-locally
stabilizable (QLS) with respect to a neighborhood structure
N if there exists a sequence of CPTP neighborhood maps
tEtutě0 such that:
Etpρq “ ρ, @t ě 0, (3)
lim
tÑ`8 Et,0pσq ” limtÑ`8pEt ˝ Et´1 ˝ . . . ˝ E0qpσq
“ ρ, @σ P DpHq, (4)
A target state ρ is quasi-locally finite-time stabilizable (FTS)
in T steps if there exists a finite sequence tEtuTt“1 of
neighborhood maps satisfying the invariance property (3) and
ensuring that, @σ P DpHq,
ET,0pσq “ pET ˝ ET´1 ˝ . . . ˝ E0qpσq “ ρ. (5)
Furthermore, ρ is robustly finite-time stabilizable (RFTS) if
(3) and p5q hold for any permutation of the T maps.
C. Characterization of asymptotic QL stabilizability
We next recall the characterization of QLS pure states
given in [15], which in turns build on properly characterizing
the interplay between the invariance condition (3) and the
QL constraint on CPTP dynamics [11], [12], [13]. This
effectively impose certain minimal fixed-point set, and hence
suggests a structure for the stabilizing dynamics.
In order to formalize these results, we need to introduce
the concept of Schmidt-span. Given X P BpHA b HBq,
with corresponding (operator) Schmidt decomposition X “ř
j Aj bBj , we define the Schmidt span of X as:
ΣApXq ” spanptAjuq.
The Schmidt span is important because, if we want to
leave an operator invariant with a neighborhood map E , this
also imposes the invariance of all operators with support on
its Schmidt span. Let FixpEq denote the fixed-point set of E .
The following result, proven in [13], makes this idea precise:
Corollary 1: Let ρ P DpHNj bHN j q and E “ ENj bIN j
a neighborhood map. Then if
spanpρq Ď FixpEq,
it must also be that
ΣNj pρq b BpHN j q Ď FixpENj q.
In particular, if the target state is pure, ρ “ |ψyxψ|,
and the state vector admits a Schmidt decomposition of the
form |ψy “ řk |ajy b |bjy with respect to the bipartition
HNj bHN j , it is possible to show that ΣNj pρq “ BpH0Nj q,
where H0Nj ” spanpt|ajyuq Ď HNj . Leveraging the above
observation, the following characterization of QLS pure
states has been proved in [15]:
Theorem 1 (QLS pure states): A pure state ρ “ |ψyxψ| is
QLS by discrete-time dynamics if and only if
supppρq “
č
j
H0j ”
č
j
pH0Nj bHN j q. (6)
D. QL stabilization as frustration-free cooling
In order to develop some physical intuition on the role
of H0j in the Theorem above, and understand how the maps
used in the proof attain stabilization, it is convenient to resort
to the concept of a parent Hamiltonian.
Consider a QL Hamiltonian, namely, H “ řkHk, with
Hk “ HNk b INk . H is called a parent Hamiltonian for
a pure state |ψy if it admits |ψy as a ground state, and it
is called a frustration-free (FF) Hamiltonian if any global
ground state is also a local ground state, that is,
argmin|ψyPHxψ|H|ψy Ď argmin|ψyPHxψ|Hk|ψy,@k.
Suppose that a target state |ψy admits a FF QL parent
Hamiltonian H for which it is the unique ground state. Then,
similarly to what is possible for continuous-time dissipative
preparation by Markovian dynamics [4], [11], the structure
of H may be naturally used to derive a stabilizing discrete-
time dynamics: it suffices to implement neighborhood maps
that locally “cool” the system. This is done in the proof of
Theorem 1.
The following corollary follows [15]:
Corollary 2: A state ρ “ |ψyxψ| is QLS by discrete-time
dynamics if and only if it is the unique ground state of a FF
QL parent Hamiltonian.
Among the possible QL FF parent Hamiltonians that a
given pure state may admit, one can be constructed in a
canonical way from the state itself as follows:
Definition 2: Given a neighborhood structure N “ tNju,
the canonical FF parent Hamiltonian associated to |ψy is
H|ψy ”
ÿ
j
pI ´ΠNj b IN j q ”
ÿ
j
pI ´Πjq, (7)
in terms of the projectors ΠNj and Πj onto the Schmidt span
H0Nj and the extended Schmidt span H
0
j , respectively.
The canonical parent Hamiltonian plays an important
role in the characterization of RFTS states for the locality
of interest, in particular, in reference to its commutativity
properties: we say that H|ψy is commuting if the defining
projectors commute, rΠk,Πjs “ 0 for all j, k.
E. Sufficient conditions for RFTS
While QLS pure states admit a characterization that is both
intuitive and lends itself to design of stabilizing dynamics, an
equivalent result is not available for FTS or RFTS at a similar
level of generality. In [16], a number of sufficient conditions
are provided. Here, we focus on the most general one that
ensures RFTS, and that is also the most interesting towards
unsupervised and distributed control implementation.
The key idea behind the relevant RFTS sufficient condition
is to identify a decomposition of the full Hilbert space
into virtual subsystems, such that (1) the QL constraint is
respected; (2) the target state looks like a virtual product
state. In order to obtain such a decomposition of H, two
steps may be required in general:
‚ Coarse graining: First, we group physical subsystems
into coarse-grained ones, that are contained in the same
neighborhoods. Formally:
Definition 3: Given H – Âni“1Hi and a neighborhood
structureN , we define coarse-grained subsystems (or coarse-
grained particles) v to be the subsets of physical subsystems
i such that i, j P v when i P Nk implies j P Nk; that is,
v are the group of subsystems that are contained in exactly
the same set of neighborhoods. We define the coarse-grained
subsystem space as Hv ”ÂiPvHi.
Coarse-graining of physical subsystems allows us to aggre-
gate groups of subsystems that are subject to exactly the
same constraints as far as the neighborhood structure is
concerned, and on which we have full control. It is easy
to see that, by construction, coarse-grained subsystems are
mutually disjoint, in the sense that no physical subsystem
can belong to two different coarse-grained subsystems.
‚ Local reduction: Next, we reduce each coarse-grained
subsystem space to a subspace. Formally:
Definition 4: Consider H – ÂvHv, and identify a set
of subspaces H`v ď Hv . The locally restricted space with
respect to the H`v is then H` –
Â
vH`v. In particular, if
ρ P DpHq and H`v ” supppTrvpρqq ď Hv , the H` is the
locally restricted space with respect to ρ.
We are now ready to quote a set of sufficient conditions for
a pure state to be RFTS, that covers all the states we know,
or we can construct [16]:
Theorem 2: (Neighborhood factorization on local restric-
tions): A pure state |ψy is RFTS relative to N if there
exist a locally restricted space H` –ÂiH`i , containing the
support of the target state, and a unitary change of basis
U : HÑ H0 ‘ pÂMj“1 Hˆjq such that:
1) The local restriction is respected, that is, pHaH`q is
invariant for U ;
2) The target state becomes a virtual product state:
U |ψy “ 0‘
´ Mâ
j“1
|ψˆjy
¯
; (8)
3) The QL constraint is respected, that is, for each virtual
subsystem factor Hˆj , there exists a neighborhood Nk
such that
U´1pI0 ‘ BpHˆjq b IjqU ď BpHNkq b INk . (9)
A number of remarks are in order.
First, given condition 2) above, |ψy is the unique ground
state of a Hamiltonian
Hˆ “
ÿ
k
Hˆk, Hˆk “ 0‘
´
|ψˆjyxψˆj | b
Mâ
`‰j
Ij
¯
,
where each Hˆk projects onto the complement of the span
of |ψˆjy. Given the “virtually factorized” structure of the
state, these projections commute. Furthermore, given prop-
erty 3), these are all neighborhood Hamiltonians. Hence, Hˆ
is a parent Hamiltonian for |ψy with respect to the given
neighborhood structure, and is, in fact, its canonical parent
Hamiltonian.
Second, if the above conditions 1)–3) hold, it is easy to
see that a CPTP map that prepares |ψˆjyxψˆj | not only exists
but it is a neighborhood map. This directly gives RFTS.
However, it is in general hard to check if a state admits such
a decomposition, or, equivalently, to find the transformation
U in Theorem 2.
III. CHARACTERIZATION OF ROBUST FINITE-TIME
STABILIZABILITY FOR TREE-LIKE HYPERGRAPHS
While Theorem 2 covers all the known examples of RFTS
states (see [16] for a more in-depth discussion), as yet we
have no indication on how to find a good U for a given ρ,
nor do we know whether the above sufficient conditions are
also necessary. We now describe a class of QL constraints
for which a neighborhood factorization is both sufficient
and necessary, as well as equivalent to the existence of a
commuting canonical parent Hamiltonian.
N1
N2
N3
N1
N2
N3
(A)
(B)
Fig. 1. (A) shows a neighborhood structure that obeys the MO property, as
the intersection of any pair of Nj is also the intersection of the triple. By
enlarging N2 to include the red subsystem, (B) fails to satisfy MO instead.
A. Tree-like hypergraphs
The class of QL constraints we focus on satisfies two key
properties. The first constrains the way in which neighbor-
hoods can overlap:
Definition 5: A neighborhood structure satisfies the
matching overlap (MO) condition if for any set of neigh-
borhoods that have a common intersection, this common
intersection is also the intersection of any pair of the neigh-
borhoods in the set.
This property, in turn, implies that the neighborhoods can
only intersect on a single coarse-grained particle. While two-
body neighborhoods necessarily satisfy the MO condition,
general neighborhood structures need not. Figure 1 further
illustrates the MO property: in both panels (A) and (B) the
three neighborhoods have a non-empty intersection; however,
in (B), the intersection of the pair N2 and N3 contains an
extra subsystem, which causes the MO to fail.
The second property we need to impose is the absence of
“cycles”. In order to formalize it, we need to define what
is a path on the multipartite system that is compatible with
N , or, equivalently a path on the associated hypergraph. A
(finite) path on N is a finite sequence of subsystem indexes
interspaced by neighborhoods:
jp0q,Nkp1q, jp1q,Nkp2q, jp2q, . . . ,NkpNq, jpNq,
that satisfies:
‚ jp`q ‰ jpmq for all p`,mq ‰ p0,mq;
‚ Nkp`q ‰ Nkpmq for all p`,mq;
‚ jp`´ 1q, jp`q P Nkp`q for all ` “ 1, . . . , N.
We the say that subsystem a is connected to subsystem b
if there is a path with jp0q “ a, jpMq “ b, and that a
neighborhood Nj is connected to N` if there exists a path
from a P Nj to some b P N`. If jp0q “ jpMq it is called a
cycle path. We then have the following:
Definition 6: A neighborhood structure (an hypergraph) is
tree-like if it obeys the MO property and is acyclic, that is,
it does not allow for cycle paths.
Notice that, if the MO property holds, each neighborhood
contains coarse-grained particles that belong either to that
neighborhood alone, or to an intersection. One can then
construct a (standard) graph by removing the particles that
N1 N2
N3
N4
N1 N2
N3
N4
N5
(A)
(B)
Fig. 2. (A) shows a MO neighborhood structure that is acyclic; by
adding neighborhood N5, (B) gains a cycle. On the right side, we depict
the corresponding graphs after the single-neighborhood subsystems are
removed, which can be equivalently used to determine the tree-like property.
belong to a single neighborhood, associating nodes to the
multi-neighborhood particles and adding edges between pairs
of the latter that belong to the same neighborhood. If the
resulting graph admits cycle paths (in the standard sense)
then the initial hypergraph does as well, and hence it is not
tree-like, and viceversa.
B. Main result
The main result of this paper can now be stated as follows:
Theorem 3 (RFTS on trees): Let N be a tree-like neigh-
borhood structure on H. A pure state |ψy is RFTS with
respect to N if and only if the projectors Πj onto the
neighborhood reduced states of |ψy commute pairwise.
The “if” implication follows directly from Theorem V.13
of [16]. We thus focus on the necessity part. The proof
requires a few auxiliary results which have also been proved
in [16], and which we recall next. The first result constrains
the form of a stabilizing neighborhood map:
Lemma 1: If Ek acting on Nk preserves |ψyxψ|, then, for
arbitrary ρ it must be
ΠkEkpρqΠk “ ΠkρΠk ` ERpΠKk ρΠKk q, (10)
for some CPTP ER.
We will also make use of the following trace inequality:
Proposition 1: Let Π1 and Π2 be projectors, with Π1X2
the projector onto their intersection. Then
TrpΠ1Π2q ě TrpΠ1X2q ` 1
2
Trp|rΠ1,Π2s|2q. (11)
Combining the two results above, the following result con-
cerning the commutativity of the projections onto the sup-
ports is established in [16]. Define Nqk ” Ťj‰kNj .
Proposition 2: If |ψy is RFTS with respect to neighbor-
hood structure N , then rΠk,Πqks “ 0 for all neighborhoodsNk, where Πk and Πqk are the projectors onto H0k “
supppTrkp|ψyxψ|q b Ikq and H0qk “ supppTrjRNqkp|ψyxψ|q b
IjRNqkq, respectively.
Here, we prove an alternative necessity result showing
that RFTS does require commutativity of projectors beyond
just Πk and Πqk as above; in fact, commutativity is required
essentially for any pair of projections emerging from a
bipartition of the neighborhoods:
Proposition 3: Let |ψy be RFTS with respect to N , NΛ ”Ť
jPΛNj be the union of neighborhoods with index in some
subset Λ, and NqΛ ” ŤjRΛNj . Then rΠΛ,ΠqΛs “ 0, where
ΠΛ and ΠqΛ orthogonally project onto supppTrjRΛp|ψyxψ|qb
IjRΛq and supppTrjRqΛp|ψyxψ|q b IjRqΛq, respectively.
Proof. Assume that |ψy is RFTS by neighborhood maps
Ek. Without loss of generality, assume that the subset of
maps indexed by Λ acts after the remaining neighborhood
maps. Let EΛ be the composition of this subset of maps
and EqΛ be the composition of the remaining neighborhood
maps. Robust stabilizability, then, implies that EΛ ˝ EqΛp¨q “|ψyxψ|Trp¨q. By the invariance requirement, EqΛpΠqΛq “ ΠqΛ.
Thus, applying the sequence to ΠqΛ, we have
|ψyxψ|TrpΠqΛq “ El ˝ EqΛpΠqΛq “ ElpΠqΛq.
Conjugating both sides of the equation with respect to ΠΛ,
we can apply Lemma 1 to obtain
|ψyxψ|TrpΠqΛq “ ΠΛΠqΛΠΛ `ΠΛσΠΛ,
where σ is some positive-semidefinite operator. Next, con-
jugating both sides of the new equation with respect to the
projector Π˜Λ ” ΠΛ´ |ψyxψ| makes the left-hand side equal
to zero, while leaving the sum of two positive semidefinite
operators on the right hand side, namely,
0 “ Π˜ΛΠΛΠqΛΠΛΠ˜Λ ` Π˜ΛΠΛσΠΛΠ˜Λ.
The sum of two positive-semidefinite matrices is zero only
if both matrices are zero. Taking the trace of the first zero
matrix thus gives
0 “ TrpΠ˜ΛΠΛΠqΛq
“ TrppΠΛ ´ |ψyxψ|qΠqΛq
“ TrpΠΛΠqΛq ´ TrpΠΛXqΛq
ě Trp|rΠΛ,ΠqΛs|2q.
This holds only if rΠΛ,ΠqΛs “ 0. As the above arguments
are made for a general index subset Λ, they must hold for
all such index sets. l
We next prove a proposition that allows for a simplification
of the commutation condition in Proposition 2 for certain
neighborhood structures:
Proposition 4: Let A, B, and C be three neighborhoods,
such that AXB Ď C. Let ΠA and ΠB be two neighborhood
projectors on A and B, respectively, and define, in addi-
tion, the projectors ΠTrCpΠAq on supppTrCpΠAq b ICq and
ΠTrCpΠBq on supppTrCpΠBq b ICq. Then:
rΠA,ΠBs “ 0 ùñ rΠTrCpΠAq,ΠTrCpΠBqs “ 0. (12)
Proof. From rΠA,ΠBs “ 0, we have TrCprΠA,ΠBsq “ 0.
Let σTrCpΠAq ” TrCpΠAq and σTrCpΠBq ” TrCpΠBq. Since
C contains A X B, we have rσTrCpΠAq, σTrCpΠBqs “ 0.
Finally, since ΠTrCpΠAq can be written using the same
resolution of the identity of σTrCpΠAq, and similarly for
ΠTrCpΠBq with respect to σTrCpΠBq, these must also com-
mute: rΠTrCpΠAq,ΠTrCpΠBqs “ 0. l
In our application of the above result, both ΠA and ΠB
will be supports of reduced states, say, ρA and ρB . However,
the objects we are ultimately concerned with are of the form
ΠTrCpρAq, which is not, a priori, the same as the ΠTrCpΠAq of
the above proposition. In order to apply the above proposition
to projectors on neighborhood-reduced states, we prove that,
in fact, ΠTrCpρAq “ ΠTrCpΠAq. The following proposition
suffices:
Proposition 5: Let ρ P DpH1bH2q be a positive semidef-
inite operator, with spectral decomposition ρ “ ři λiPi.
Then supppTr2pρqq “ supppTr2přij rjλαjPiqq, for rj ą 0
and αj P R.
Proof. Consider the spectral decomposition ρ “ ři λiPi
with λi ě 0. We then compute
supppTr2pρqq “ suppp
ÿ
i
λiTr2pPiqq
“
ď
i
supppλiTr2pPiqq
“
ď
i
suppp
ÿ
j
rjλ
αj
i Tr2pPiqq
“ supppTr2p
ÿ
ij
rjλ
αj
i Piqq,
for any αj P R, and rj ą 0. l
In particular, setting rj “ δij , with αi “ 0, we haveř
ij rjλ
αj
i Pi “
ř
i Pi “ Π, the orthogonal projection onto
supppρq. Hence, supppTr2pρqq “ supppTr2pΠqq.
Corollary 3: Let |ψy be a many-body pure state. Let A
and B be two, possibly overlapping, neighborhoods. Let C
be a neighborhood containing AXB. For any neighborhood
X , let ΠX be the projector onto supppTrXp|ψyxψ|q b IXq.
If rΠA,ΠBs “ 0, then rΠAXC ,ΠBXCs “ 0.
Proof. While Proposition 4 ensures the commutation of the
projection onto the support of TrCpΠAq, and similarly for
B, here ΠAXC denotes the projection onto the support of
|ψyxψ| in AXC. However, the particular use of Proposition
5 outlined above with rj “ δij and αi “ 0 ensures that
supppTrCpTrAp|ψyxψ|qq “ supppTrCpΠAqq, proving that
the two projections are the same. l
Finally, by exploitng the MO and the acyclic properties,
as well as Corollary 3, we can refine the necessary condition
of Proposition 2 for RFTS, as anticipated:
Proof of the “only if” implication of Theorem 3. Assuming
that |ψy is RFTS, Proposition 2 implies that rΠΛ,ΠqΛs “ 0
for any bipartition of the set of neighborhoods in Λ,Λ: we
here use the hypothesis on the QL notion in order to show
that pairwise commutativity of the Πj is actually necessary as
well. Consider two neighborhoods Nj and Nk. If NjXNk “
tu, then rΠj ,Πks “ 0 trivially. In the case that they do
intersect, define a ” Nj X Nk. Thanks to MO property, a
is a single coarse-grained particle. Define A to be the union
(A)
(B)
| S1i
| S2i | S3i
| S1i
| S2i | S3i
Fig. 3. Construction of GBV states: virtual particles (colors) are identified
within coarse grained ones (green), grouped into Sk (virtual particles of the
same color) and a pure entangled state |ψSk y is associated to each group.
of neighborhoods which are connected to Nj by a path that
starts with a,Nj , . . . . The tree-like property then guarantees
that A cannot contain any other neighborhood that contains
a; hence, A will not be the full neighborhood set: in fact,
assume by contradiction that A contains some N`, such that
a P N`; by definition of A there would exist a cycle starting
with a,Nj , . . . that ends with . . . ,N`, a, which is impossible
by hypothesis. Hence, the disjoint sets of neighborhoods B “
A and A are non empty and form a bipartition of the set of
neighborhoods. By identifying A “ Λ, B “ qΛ, Proposition
2 ensures that rΠA,ΠBs “ 0. Moreover, B contains Nk. Let
C ” Nj YNk, so C Ě tau “ AXB. Hence, we may apply
Corollary 3 to obtain rΠj ,Πks “ 0 from rΠA,ΠBs “ 0. l
Now notice that the canonical Hamiltonian H|ψy is com-
posed of QL terms of the form I´Πk. We thus immediately
obtain the following corollary:
Corollary 4: Let N be a tree-like neighborhood structure.
A pure state |ψy is RFTS with respect to N if and only if
it is the unique ground state of its canonical FF commuting
parent Hamiltonian.
C. An example and a further characterization: GBV states
A class of states introduced in [16], inspired by the work
of Bravyi and Vyalyi in [21] and named accordingly, is
that of generalized Bravyi-Vyalyi (GBV) states. These are
constructed by decomposing each coarse-grained particle v
into a set of virtual particles, Hv ” H0v ‘
Âfv
j“1Hvj . Then
for each neighborhood Nk, a subset Sk of pairs vj belonging
to that neighborhood is selected such that the sets Sk are
disjoint and each vj is contained in some Sk. The GBV
state is constructed by assigning a pure state factor to each
group of Sk, namely |ψGBV y “ Âk |ψSky. If the |ψSky
are entangled, and the virtual particles do not factorize with
respect to the physical subsystem decomposition, |ψGBV y
will be generically non-trivially entangled.
This method is illustrated for a tree-like hypergraph in Fig.
3. It is easy to see that the canonical parent Hamiltonian for
such states has QL terms of the form Hk “ I´|ψSkyxψSk |,
which commute since they belong to disjoint groups of
virtual particles. Hence, on the one hand Corollary 4 confirms
that these states are RFTS. On the other hand, by extending
the C˚-algebraic construction in the proof of Theorem
V.13 in [16] to leverage the absence of cycles in tree-like
hypergraphs, it is possible to show that having commuting
parent Hamiltonians within this class of QL notions always
ensures the existence of a virtual-particle decomposition as
the one described above. In other words, a state is RFTS
on a tree-like hypergraph (equivalently, a state is the unique
ground state of a commuting FF QL parent Hamiltonian) if
and only if it admits a representation as a GBV state.
REFERENCES
[1] S. Lloyd and L. Viola, “Engineering quantum dynamics,” Phys. Rev.
A, vol. 65, p. 010101, 2001.
[2] F. Verstraete, M. M. Wolf, and J. I. Cirac, “Quantum computation and
quantum-state engineering driven by dissipation,” Nature Phys., vol. 5,
p. 633, 2009.
[3] C. Scho¨n, E. Solano, F. Verstraete, J. I. Cirac, and M. M. Wolf,
“Sequential generation of entangled multiqubit states,” Phys. Rev. Lett.,
vol. 95, p. 110503, 2005.
[4] B. Kraus, H. P. Bu¨chler, S. Diehl, A. Kantian, A. Micheli, and P. Zoller,
“Preparation of entangled states by quantum markov processes,” Phys.
Rev. A, vol. 78, p. 042307, 2008.
[5] H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski, J. M. Petersen,
J. I. Cirac, and E. S. Polzik, “Entanglement generated by dissipation
and steady state entanglement of two macroscopic objects,” Phys. Rev.
Lett., vol. 107, p. 080503, 2011.
[6] J. T. Barreiro, M. Mu¨ller, P. Schindler, D. Nigg, T. Monz, M. Chwalla,
M. Hennrich, C. F. Roos, P. Zoller, and R. Blatt, “An open-system
quantum simulator with trapped ions,” Nature, vol. 470, no. 7335, pp.
486–491, 2011.
[7] Y. Lin, J. P. Gaebler, F. Reiter, T. R. Tan, R. Bowler, A. S. Sorensen,
D. Leibfried, and D. J. Wineland, “Dissipative production of a maxi-
mally entangled steady state of two quantum bits,” Nature, vol. 504,
p. 415, 2013.
[8] S. Shankar, M. Hatridge, Z. Leghtas, K. M. Sliwa, A. Narla, U. Vool,
S. M. Girvin, L. Frunzio, M. Mirrahimi, and M. H. Devoret, “Stabiliz-
ing entanglement autonomously between two superconducting qubits,”
Nature, vol. 504, p. 419, 2013.
[9] M. E. Schwartz, L. Martin, E. Flurin, C. Aron, M. Kulkarni, H. E.
Tureci, and I. Siddiqi, “Stabilizing entanglement via symmetry-
selective bath engineering in superconducting qubits,” Phys. Rev. Lett.,
vol. 116, p. 240503, 2016.
[10] D. D. B. Rao, S. Yang, and J. Wrachtrup, “Dissipative entanglement
of solid-state spins in diamond,” 2016, eprint arXiv:1609.00622.
[11] F. Ticozzi and L. Viola, “Stabilizing entangled states with quasi-local
quantum dynamical semigroups,” Phil. Trans. R. Soc. London A, vol.
370, p. 5259, 2012.
[12] ——, “Steady-state entanglement by engineered quasi-local Marko-
vian dissipation: Hamiltonian-assisted and conditional stabilization,”
Quantum Inf. Comput., vol. 14, p. 265, 2014.
[13] P. D. Johnson, F. Ticozzi, and L. Viola, “General fixed points of
quasi-local frustration-free quantum semigroups: from invariance to
stabilization,” Quantum Inf. Comput., vol. 16, p. 0657, 2016.
[14] Y. Pan, Z. M. H. Amini, J. Gough, V. Ugrinovskii, and M. R. James,
“Heisenberg picture approach to the stability of quantum Markov
systems,” J. Math. Phys., vol. 55, 2014.
[15] F. Ticozzi, L. Zuccato, P. D. Johnson, and L. Viola, “Alternating
projections and discrete-time stabilization of quantum states,” 2016,
eprint arXiv:1612.05554.
[16] P. D. Johnson, F. Ticozzi, and L. Viola, “Exact stabilization of
entangled states in finite time by dissipative quantum circuits,” 2017,
submitted, arXiv:1703.06183.
[17] P. Schindler, M. Muller, D. Nigg, J. T. Barreiro, E. A. Martinez,
M. Hennrich, T. Monz, S. Diehl, P. Zoller, and R. Blatt, “Quantum
simulation of dynamical maps with trapped ions,” Nature Phys., vol. 9,
p. 361, 2013.
[18] C. Shen, K. Noh, V. V. Albert, S. Krastanov, M. H. Devoret,
R. J. Schoelkopf, S. M. Girvin, and L. Jiang, “Quantum channel
construction with circuit quantum electrodynamics,” 2016, eprint
arXiv:1611.03463.
[19] A. Bretto, Hypergraph Theory: An Introduction. Springer, Cham,
2013.
[20] K. Kraus, States, Effects, and Operations: Fundamental Notions of
Quantum Theory, ser. Lecture notes in Physics. Springer-Verlag,
Berlin, 1983.
[21] S. Bravyi and M. Vyalyi, “Commutative version of the local hamil-
tonian problem and common eigenspace problem,” Quantum Info.
Comput., vol. 5, p. 187, 2005.
